The purpose of this paper is two-fold. First we aim to unify previous work by the first two authors, A. Garsia, and C. Reutenauer (see [2] 
Introduction
Let (W, S) be a finite Coxeter system. That is to say, W is a finite group generated by a set S subject to the defining relations (sr) msr = 1 for all s, r ∈ S, where the m sr are positive integers and m ss = 1 for all s ∈ S.
As is well known, W is faithfully represented in the orthogonal group of an inner product space V which has a basis Π = { α s | s ∈ S } in bijective correspondence with S. The inner product is given by for all r, s ∈ S and v ∈ V . Thus s acts as the reflection in the hyperplane orthogonal to α s , and as a consequence V is called the reflection representation of W . One easily checks that for all s, r ∈ S we have α r = ±w(α s ) in V if and only if r = wsw −1 in W . We call the set Φ = { w(α) | w ∈ W, α ∈ Π } the root system of W , and Π the set of fundamental roots. It is well known (see [7] ) that Φ can be decomposed as Φ = Φ + Φ − , where every element of Φ + (resp. Φ − ) is a linear combination of fundamental roots with coefficients all non-negative (resp. all non-positive). Moreover, if w ∈ W and (w) denotes the length of a minimal expression for w in terms of elements of S, then (w) equals the cardinality of the set N (w), where
Note that (vw) = (v) + (w) if and only if N (vw) = w −1 (N (v)) N (w). For each J ⊆ Π the standard parabolic subgroup W J is the subgroup of W generated by
Then (W J , S J ) is also a Coxeter system. If V J is the subspace of V spanned by J, then the W -action on V yields a W J -action on V J , which can be identified with the reflection representation of W J . The root system 1 Dépt. de Math. et Info., Univ. du Québecà Montréal, C.P. 8888, Succ. A, Montréal H3C 3P8.
Define Σ(W ) to be the subspace of Q(W ) spanned by all such elements x J (which are clearly linearly independant).
It has been shown by Solomon [14] that Σ(W ) is a subalgebra of Q(W ). More precisely, Solomon has shown that
where
In Section 2 we shall prove these facts using techniques that will be developed further in later sections. It is easily shown (Solomon [14] ) that the x K 's are linearly independent; thus they form a basis of Σ(W ). In [10] A. Garsia and C. Reutenauer have given a decomposition of the multiplicative structure of the descent algebra of the symmetric group (the Coxeter group of type A n ). This decomposition exploits the action of the symmetric group on the free Lie algebra in a manner reminiscent of the Poincaré-Birkhoff-Witt Theorem. In [2] and [5] we showed that a similar decomposition, as well as related results, also holds for the hyperoctahedral group (type B n ). The object of this paper, and ongoing work, is to extend these results to the descent algebra of any finite Coxeter group.
For a general descent algebra Σ(W ) we shall exhibit a new basis consisting of elements e K , K ⊆ Π, which are scalar multiples of idempotents, and satisfy K⊆Π µ Π K e K = 1 for certain positive constants µ Π K . Furthermore, for all J, M ⊆ Π, when e J e M is expressed as a linear combination of the e K 's, the only non-zero coefficients correspond to subsets K of M that are equivalent to J, in the sense that J = w(K) for some w ∈ W . As a consequence we obtain a set of idempotents E λ = K∈λ µ Π K e K indexed by equivalence classes λ of subsets of Π, such that 2) and λ E λ = 1. In fact, the E λ 's form a decomposition of the identity into primitive idempotents, and hence the right ideals of Σ(W ) which they generate are a full set of indecomposable projective right modules for σ(W ). Furthermore, the E λ 's induce a decomposition of the action of Σ(W ) on Q(W ) by left multiplication: 
All assertions of the lemma now follow.
, it is clear that wd −1 ∈ X J , and conversely for w ∈ X J , that wd
The following result due to Solomon is easily derived from these lemmas.
Obviously a JKL = 0 when L ⊆ K. Thus the theorem is proved.
Thus the structure constants satisfy the identities
Proof . We have
This proves the first assertion of the theorem, and comparison with
completes the proof.
Reduction to indecomposable finite Coxeter groups
Throughout this section we suppose that J and K are mutually orthogonal subsets of Π such that Π = J ∪ K. In this case W = W J × W K and QW QW J ⊗ QW K . We shall show that a similar decompostion holds for the Solomon algebra of W .
As an immediate consequence of this lemma we have
This shows that we may reduce our discussion to the indecomposable finite Coxeter groups.
The parabolic Burnside ring
For each J ⊆ Π we have a permutation representation of W on the set W / W J of cosets 
is a parabolic subgroup. Indeed, the set
is a fundamental domain for the action of W , and we may choose t ∈ W such that t(v) ∈ C. Then (see Steinberg [15] )
is a parabolic subgroup of W J . It follows by induction that the pointwise stabilizer, Stab W (P ), of an arbitrary subset P of V , is a parabolic subgroup of W . Since Stab W (P ∪ Q) = Stab W (P ) ∩ Stab W (Q) we see that the intersection of two parabolic subgroups is again parabolic; this also follows from the fact, mentioned in Section 2, that
If g is an arbitrary orthogonal transformation on V , define
Furthermore, if 0 = v ∈ V and r is the reflection in the hyperplane orthogonal to v, then
Thus τ (g) is the length of a minimal expression for g as a product of reflections. In [7] Carter proves that every element w ∈ W can be written as a product of τ (w) reflections in W . (We include a proof in Lemma 4.3 below.) Following Solomon [14] , for w ∈ W , we define Proof . Replacing w by a conjugate of itself, we may assume that w ∈ W J . Since w has type J it is not contained in any proper parabolic subgroup of W J .
If t ∈ W and t Since [V, w] = V J it follows from (4.2) above that τ (sw) = τ (w) − 1 whenever s ∈ S J . Hence sw has type K for some K ⊆ Π with |K| = |J| − 1. Arguing by induction we deduce that sw is a product of |J| − 1 reflections in W , and therefore w = s(sw) is a product of |J| reflections.
For J ⊆ S, let c J be the product of the reflections s, s ∈ S J , taken in some fixed order. The conjugacy class of c J in W J is independent of the order, and the elements of this class are called the Coxeter elements of W J . Since J is a linearly independent set it is clear that [V, c J ] = V J , and so c J has type J. We note as a consequence that the parabolic subgroups of W are precisely the subgroups A(w). 
Dihedral groups
In this section we give a complete description of the descent algebra of the Coxeter group of type I 2 (p). That is, we take W to be the dihedral group with generating set S = {r, s} and relations
The descent algebra of W has dimension 4 and it has a basis x ∅ , x r , x s , x Π , where Π = {α r , α s } is the set of fundamental roots of W and where x r (resp. x s ) denotes x {αr} (resp. x {αs} . More explicitly, we have
x r = 1 + s + rs + srs + rsrs + . . .
x s = 1 + r + sr + rsr + srsr + . . .
The summation for x r (resp. x s ) is over the set of all w ∈ W with only one reduced expression, this unique expression must also end in r (resp. s). The multiplication table for Σ(W ) is easy to compute explicitly in this case. When p is even it is
Using these tables, one can verify that for p even
are mutually orthogonal idempotents whose sum is 1. In this case the algebra Σ(W ) is semisimple and each equivalence class of subsets of Π is just a singleton. Thus the idempotents E λ referred to in (1.2) can be identified with the idempotents listed above.
When p is odd, we obtain idempotents
In this case there are only three equivalence classes of subsets of Π: Π, {{α r }, {α s }} and {∅}. The only non-zero products between distinct e K 's are e s e r = e r and e r e s = e s .
Thus the E λ 's of (1.2) can be taken to be e Π , 1/2(e r + e s ) and e ∅ .
The radical of Σ(W ) is spanned by the nilpotent element e r − e s . In preparation for Section 7, we shall reconsider part of this construction in the context of a general Coxeter system (W, S). For two elements r, s ∈ S we compute the product x s x r . (Again we abbreviate x {αr} to x r .) A direct application of (1.1) gives This identity suggests that for any Coxeter group we set
It then follows easily that e s is an idempotent, and (more generally) 
Note that Stab
We shall generalize this result to all equivalence classes λ in Section 7.
Idempotents in the parabolic Burnside ring
The Q-algebra PB(W ) is isomorphic to an algebra of functions, and therefore it has a basis of idempotent elements. Specifically, if we define
where the coefficient matrix ν λµ is the inverse of the matrix ϕ λ (c µ ) which appears in the proof of Theorem 4.5, then
and it follows that ξ λ is idempotent. The next theorem shows that (6.1) holds when c µ is an arbitrary element of type µ. Proof . Without loss of generality we may suppose that c ∈ W J . By Mackey's formula, the restriction of
But since c is not contained in any proper parabolic subgroup of W J , the character Ind
in which case it takes the value 1.
Then N J is the intersection of X J and the normalizer of W J , whence |N J | = a JJJ is the index of W J in its normalizer.
For convenience we define ξ J = ξ λ and ν JK = ν λµ whenever J ∈ λ and K ∈ µ.
be the primitive idempotent of PB(W K ) that takes the value 1 on elements of type J relative to W K . The next two propositions describe the effect of the restriction and induction maps on these idempotents. 
For the purposes of calculation, the following theorem is sometimes more useful than Theorem 6. 
where L runs through representatives of the W K -eqivalence classes of subsets of K. Inducing to W and using Proposition 6.4 gives
Since ξ L (c) = 1 if and only if L ∼ J i for some i, evaluation at c completes the proof.
This theorem is also a consequence of the fact that 
Proof . If ε is the sign character of W , then by Frobenius reciprocity
and therefore ν Π∅ = (ξ Π , ε). By definition of the inner product,
A well-known formula of Shephard and Todd [12] (see also Solomon [13] ) states that 
Proof . To see this, apply Theorem 6.6 to W J and then use Proposition 6.4.
It is also interesting to observe that
The proof is obtained by taking the inner product of ξ J = ν Jµ ϕ µ with the trivial character and using the fact that (ϕ µ , 1) = 1 for all µ.
A similar calculation, but taking the inner product of ξ J with the sign character of W L induced to W gives
Idempotents in the Solomon algebra
Our main aim in this section is to construct the elements e J ∈ Σ(W ) mentioned in Section 1. These elements are mapped by θ: Σ(W ) → PB(W ) to scalar multiples of the idempotents ξ J defined in Section 6, and are themselves scalar multiples of idempotents. Moreover, the e J and the analogous elements e Proposition 7.3.
and so (7.1) can be restated as µ
Our first lemma shows that (7.4) remains true when Π is replaced by M ⊆ Π.
Lemma 7.5.
where the a 
Multiplying through by β J P , where J ⊆ M , and summing over P ⊆ M gives 
